We extend the formalism of entanglement renormalization to the study of boundary critical phenomena. The multi-scale entanglement renormalization ansatz (MERA), in its scale invariant version, offers a very compact approximation to quantum critical ground states. Here we show that, by adding a boundary to the scale invariant MERA, an accurate approximation to the critical ground state of an infinite chain with a boundary is obtained, from which one can extract boundary scaling operators and their scaling dimensions. Our construction, valid for arbitrary critical systems, produces an effective chain with explicit separation of energy scales that relates to Wilson's RG formulation of the Kondo problem. We test the approach by studying the quantum critical Ising model with free and fixed boundary conditions. The multi-scale entanglement renormalization ansatz (MERA) [1, 2] is a tensor network introduced to efficiently represent ground states of quantum many-body systems on a lattice. It results naturally from a real space renormalization group (RG) transformation that employs unitary tensors (disentanglers) to remove shortrange entanglement from the system, a process known as entanglement renormalization [1] . The use of disentanglers is a key difference between the MERA and the matrix product state (MPS) [3] , another tensor network ansatz for quantum spin chains that is at the heart of Wilson's numerical RG (NRG) [4] and of White's density matrix RG (DMRG) [5] . Both MPS and MERA can be used to describe ground states of translation invariant systems. In addition, however, and thanks to the disentanglers, the MERA can also incorporate scale invariance, thus becoming a natural ansatz to investigate fixed points of the RG flow. It has indeed been used to study non-critical RG fixed points, corresponding to systems with topological order [6] , and critical RG fixed points, corresponding to continuous quantum phase transitions [1, 2, 7, 8, 9, 10] .
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The multi-scale entanglement renormalization ansatz (MERA) [1, 2] is a tensor network introduced to efficiently represent ground states of quantum many-body systems on a lattice. It results naturally from a real space renormalization group (RG) transformation that employs unitary tensors (disentanglers) to remove shortrange entanglement from the system, a process known as entanglement renormalization [1] . The use of disentanglers is a key difference between the MERA and the matrix product state (MPS) [3] , another tensor network ansatz for quantum spin chains that is at the heart of Wilson's numerical RG (NRG) [4] and of White's density matrix RG (DMRG) [5] . Both MPS and MERA can be used to describe ground states of translation invariant systems. In addition, however, and thanks to the disentanglers, the MERA can also incorporate scale invariance, thus becoming a natural ansatz to investigate fixed points of the RG flow. It has indeed been used to study non-critical RG fixed points, corresponding to systems with topological order [6] , and critical RG fixed points, corresponding to continuous quantum phase transitions [1, 2, 7, 8, 9, 10] .
The goal of this paper is to extend entanglement renormalization to the study of boundary quantum critical phenomena. Given a semi-infinite 1D lattice L at a (scale invariant) quantum critical point, we propose the use of the scale invariant MERA with a boundary as an ansatz for its ground state. The boundary of the MERA consists of a semi-infinite MPS that represents the ground state of an effective latticeL obtained from L through an inhomogeneous coarse-graining, and where each site represents a different length scale. As in Wilson's formulation of the Kondo problem [4] , latticeL exhibits explicit scale separation of energies. This MPS is characterized by a single tensor from which boundary scaling operators and boundary scaling dimension, as well as the boundary contribution to the ground state energy and entanglement entropy can be extracted (see appendices). We demonstrate our approach by studying a semi-infinite critical quantum Ising chain with free and fixed boundary conditions.
Bulk MERA.-Recall that the scale invariant MERA for an infinite critical chain [1, 2, 7, 8, 9, 10 ] is characterized by a unique pair of bulk tensors, namely a disentangler u and an isometry w, distributed in layers according to Fig. 1(i) . A layer of disentanglers and isometries defines a real space RG transformation that can be used to coarse-grain the original lattice L, producing a sequence of increasingly coarse-grained lattices
Under coarse-graining, a local operator o transforms according to the scaling superoperator S, Fig. 1 (ii),
A scaling operator φ α is a special type of operator that, under coarse-graining, transforms into itself times some scaling factor. The scaling operators φ α and scaling dimensions ∆ α are obtained from the eigenvalue decomposition of the scaling superoperator S [8, 9] ,
where the base 3 of the logarithm reflects the fact that the coarse-graining transformation maps three sites into one.
Recall that from the scaling dimensions, which govern the decay of two-point correlators in the bulk, Fig. 1 (iii),
one can extract the critical exponents of the model. More generally, the conformal data that characterizes the conformal field theory (CFT) [11] associated to the critical chains can be extracted from the scale invariant MERA [9] . [In this paper we only consider one-site scaling operators, placed on special sites in the lattice, as opposed to more general two-site scaling operators, placed on arbitrary sites (see Ref. [9] for more details), since the latter are not essential to the present discussion on boundary critical phenomena.] (ii) Scaling superoperator S for one-site local operators o, in terms of the bulk isometry w. (iii) The two-point correlator φα(r)φα(r ′ ) for selected sites r and r ′ can be computed by coarse-graining the lattice log 3 (|r − r ′ |) times, after which the two copies of φα are nearest neighbors and fuse into the identity with unit amplitude (by normalization of φα). Each coarse-graning step multiplies φα by 3 −∆α , resulting in the power-law decay of Eq. 3 (see Ref. [9] for details).
Boundary MERA.-In order to represent the ground state of a semi-infinite, quantum critical spin chain, we propose to use the boundary MERA described in Fig.  2(i) , which is made of semi-infinite layers of copies of the bulk disentangler u and bulk isometry w, together with copies of a boundary isometry w ⋄ placed at the ends of the layers. This ansatz defines a real space RG transformation that, away from the boundary, is identical to that of the bulk MERA, Eq. 1, but such that a local operator o ⋄ at the boundary transforms according to the boundary scaling superoperator S ⋄ , defined in terms of the boundary isometry w ⋄ , Fig. 2 (ii),
This allows us to identify a new set of scaling operators, namely the boundary scaling operators φ ⋄ α , and scaling dimensions ∆ ⋄ α , which are obtained from the eigenvalue decomposition of S ⋄ ,
A correlator between a boundary scaling operator φ ⋄ α and a bulk scaling operator φ β , Fig. 2 (iii), reads
A rather significant, particular case of the above is when we choose the boundary scaling operator to be the identity operator I, which has vanishing scaling dimension,
Recall that in a critical system without a boundary, φ β (r) bulk = 0 for any scaling operator (other than the identity). Eq. 7 tells us that in the boundary MERA, the presence of the boundary is felt everywhere in the bulk, with an intensity that decays as a power law with the distance to the boundary. This is precisely one of the trademarks of boundary critical systems, as described by a boundary CFT (BCFT) [11, 12] .
be the Hamiltonian of the semi-infinite chain L, where h ⋄ is a boundary term and h(r, r+1) ≡ h is a (constant) twosite interaction term corresponding to a critical fixedpoint bulk Hamiltonian free of irrelevant operators and with vanishing ground state energy. That is, we assume that h is a (two-site [9] ) scaling operator with scaling dimension ∆ = 2 (but see remark on transitional layers (ii) Definition ofh [1, 2] in terms of K [1, 2] , u and w. (iii) Applying one layer of coarse-graining to K [2, 3] produces 3
Copies of w ⋄ are used to describe the ground state ofH inL, Eq. 10. (v) The ansatz is equivalent to a MPS. below), and thus normalized to h bulk = 0. Let
be an operator that collects the 3 t two-site terms h included in the interval of sites [r t , r t+1 ] of L. The boundary MERA defines an effective latticeL, with sites labelled by t ∈ {0, 1, 2, · · · ∞}, that results from coarsegraining the original lattice L in an inhomogeneous way, such that site t ∈L corresponds to O(3 t ) sites of L, see Fig. 3(i) . Under the inhomogeneous coarse-graining, the original Hamiltonian becomes
whereh ⋄ (0, 1) corresponds to h ⋄ (0) + h(0, 1) in Eq. 8, Λ is just the scaling factor (Λ = 3), and the twosite term Λ 1−th (t, t + 1) results from coarse-graining K [t,t+1] . For instance,h(1, 2) comes from coarse-graining Fig. 3 (ii); the term 3 −1h (2, 3) comes from coarse-graining K [2, 3] Fig. 3(iii) , and then K [1, 2] intoh as before; more generally, K [t,t+1] is first coarse-grained into . Right: the error in Z(r) for free BC (very similar to that for fixed BC) shows that the non-vanishing expectation value of the bulk scaling operators, Eq. 7, is still accurately reproduced thousands of sites away from the boundary.
3
1−t K [1, 2] and then K [1, 2] again intoh. To understand the origin of the scaling factor 3 −t , we notice that under coarse-graining in the bulk,
where the factor 3 −1 = 3 −2 × 3 is due to the scaling dimension ∆ = 2 of h (factor 3 −∆ = 3 −2 ) and the fact that each term h in
The effective HamiltonianH is of the form derived by Wilson as part of his resolution of the Kondo problem [4] . It describes a semi-infinite chain of sites that interact with nearest neighbors with the same interaction termh, which is multiplied by a factor Λ 1−t decreasing exponentially fast with the distance to the boundary. Notice, however, that while Wilson's derivation was for free fermions and the limit Λ → 1 was eventually taken, here we started with a generic critical Hamiltonian and Λ remains fixed at Λ = 3. In a recent paper [13] , Okunishi proposed an interesting generalization of Wilson's NRG approach that also considered a generic critical Hamiltonian, although the scale Λ > 1 in Eq. 10 was simply introduced 'by hand ' as a regulator of the gapless spectrum and made very close to 1 (e.g. Λ = 1.02) to avoid an 'undesired perturbation' in its degeneracy structure, andh was chosen to be simply equal to h.
Optimization.-Given a critical Hamiltonian H, Eq. 8, the bulk tensors u and w are computed using the optimization algorithm for the bulk scale invariant MERA
discussed in Refs. [9, 14] . Then H is coarse-grained into the effective HamiltonianH of Eq. 10. The boundary isometry w ⋄ is obtained with a simplified version (replacing the MERA with an MPS) of the energy minimization techniques used in Refs. [9, 14] for the scale invariant MERA. An important point is that, both for the bulk and boundary MERA, in practical simulations we consider a few (e.g. three in the example below) transitional layers made of tensors {u 1 , w 1 , w
. that are different from the fixed-point tensors {u, w, w ⋄ }. As discussed in Ref. [9, 14] , these transitional layers allow us to modify the vector space dimension d of one site of the original model to some larger value χ and, if (contrary to our assumption above) H contains irrelevant operators, significantly diminish their effect.
Example.-In order to test the performance of the approach, we use a boundary MERA [15] to approximate the ground state of the critical quantum Ising model on a semi-infinite chain,
where X and Z are the Pauli matrices and the constant η determines whether the system has free BC (η = 0) or fixed BC (η = ±1). Fig. 4 shows, through accurate estimates of the expectation value Z(r) for both free and fixed BC, that the boundary MERA indeed offers a good approximation to the ground state of the original lattice L, in spite of the fact that the ansatz uses, arbitrarily close to the boundary, bulk tensors u and w that have been optimized in the absence of a boundary! Table I shows some boundary scaling dimensions obtained by diagonalizing the boundary scaling superoperator S ⋄ . Finally, in Fig. 5 , these scaling dimensions are organized according to the conformal towers of the primary fields predicted by BCFT [11] .
In summary, we have extended the formalism of entanglement renormalization to the study of a critical infinite lattice with a boundary. The boundary (scale-invariant) MERA only depends on two tensors u and w that encode bulk properties and a third tensor w ⋄ that encodes boundary properties. We have seen that this simple ansatz can accurately reproduce the expectation value of local observables near and away from the boundary, as well as the lower part of the spectrum of boundary scaling dimensions of the model. By considering a different boundary isometry at each level of coarse-graining, it is also possible to study boundary RG flows (e.g. from free BC to fixed BC). Our results provide a numerical route to the study of boundary conformal field theory [12] that may find applications in several areas ranging from condensed matter physics (boundary critical behaviours and quantum impurity problems) to string theory (open strings and D-branes).
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APPENDIX A: BOUNDARY-BULK FUSION AMPLITUDES
In this appendix we explain how to extract the coefficient C αβ for the boundary-bulk correlator
and more generally the coefficient C γ αβ that governs the fusion of a boundary scaling operator φ ⋄ α and a bulk scaling operator φ β sitting next to the boundary into another boundary scaling operator φ
Recall that the boundary scaling operators φ ⋄ α are obtained from the eigenvalue decomposition of the boundary scaling superoperator S ⋄ , Eq. 5. We can now consider the set of eigenoperatorsφ ⋄ α of the superoperator S ⋄ * dual to the scaling superoperator S ⋄ ,
where − log 3 λ 
The boundary identity operator, φ ⋄ 0 = I ⋄ , has scaling dimension ∆ 0 = 0 and its counterpartφ ⋄ 0 is the one-site density matrix ρ ⋄ of the boundary. From ρ ⋄ we can compute ρ ⋄(2) for the two boundary sites, and then evaluate C αβ as 
APPENDIX B: BOUNDARY GROUND STATE ENERGY
In this appendix we explain how to determine the boundary contribution E ⋄ to the ground state energy, defined as the difference between the energy H of the semi-infinite chain and one half of the ground state energy for an infinite chain,
Since in this paper h is normalized such that it vanishes in the bulk (if this was not the case, we would simply choose h − h bulk as the new h), E ⋄ is the expectation value H of H in Eq. 8. In order to evaluate H , we can coarse-grain the lattice L into the effective latticeL and use that H L = H L to write
For any t ≥ 1, h (t, t + 1) L = tr(ρh), whereρ is the twosite density matrix inL. Recall that, by construction, the semi-infinite MPS describingL is translation invariant for t = 1, 2, · · · , so that any two sites [t, t+1] (with t ≥ 1) are indeed described by the same reduced density matrixρ, which is obtained from the density matrix ρ ⋄ as indicated in Fig. 7 . Since ∞ t=1 3 1−t = 3/2, we arrive at
which is manifestly finite and can be easily computed. For the quantum Ising model on a semi-infinite lattice we obtain, for free BC, a value E ⋄ = 0.18169023 which is remarkably close to the exact solution E ⋄ exact = (1/2 − 1/π) = 0.181690113... [16] . For fixed boundary conditions we obtain a value E ⋄ = −0.45492968. Based upon the exact solution for finite chains of over a thousand sites, we estimate the error in this value is order 10 −6 .
APPENDIX C: BOUNDARY ENTANGLEMENT ENTROPY
In this section we discuss how to compute the boundary entropy from the boundary scale invariant MERA, from which we can extract Affleck-Ludwig's 'ground-state degeneracy' g associated to the boundary [17] . In the bulk, the von Neumann entropy of a block of L sites scales as [18, 19, 20, 21, 22] 
where c is the central charge of the relevant CFT and c ′ is some non-universal constant, whereas for a block of L sites at the boundary of a semi-infinite chain, the von Neumann entropy scales as [20, 21, 22 ]
where S b ≡ log 2 (g) is the boundary contribution to the entropy [17] , which depends on the boundary condition. As discussed in [23] , the entropy of a region of L = 3 T + 1 sites in an infinite chain is the same as the entropy of a simpler, effective density matrix described in Fig. 8(i)-(ii) . Similarly, the entropy of a block of L = (3 T + 1)/2 sites including the boundary of a semi-infinite chain is the same as the entropy of a simpler, effective density matrix described in Fig. 8(iii)-(iv) . Fig. 9 shows the entropies S bulk and S boundary for the Ising model. Noticing that S b = S boundary (L) − S bulk (2L)/2, from which we can extract S b = 0.0007 ≈ 0 (that is, g = 1) for free BC and S b = −0.4992 ≈ −1/2 (or g = 2 −1/2 ) for fixed BC. bulk is the fixed-point, two-site density matrix of Ref. [9] .(ii) An effective density matrix with the same spectrum, obtained by removing disentanglers and isometries from ρ (which do not change the spectrum). (iii) Density matrix of a block of L = (3 T + 1)/2 sites that includes the boundary of a semi-infinite chain, for T = 2. The fixed-point density matrix ρ ⋄ has been defined in appendix A. (iv) An effective density matrix with the same spectrum. 
APPENDIX D: FINITE SYSTEM WITH OPEN BOUNDARY CONDITIONS
In this appendix we discuss how to study the low energy spectrum of a critical Hamiltonian on a finite system with two open boundaries. For this purpose, we consider a finite lattice L made of N sites with a Hamiltonian T sites, we attempt to describe the low energy subspace of H LR with the MERA described in Fig. 10 , which consists of T layers of disentanglers and isometries. Each layer is filled with bulk tensors u and w, obtained by analysing an infinite system using the scale invariant MERA algorithm of Ref. [9] . In adddition, each layer has a boundary isometry w ⋄ L at its left end and a boundary isometry w ⋄ R at its right end, obtained by analysing a semi-infinite system using the boundary scale invariant MERA described in this paper. Finally, the ansatz is completed with a top isometry w T , which has an open index labelling (an approximation to) different low energy eigenstates of H LR .
Thus, the low energy subsapce of H LR is expressed in terms of five tensors {u, w, w encode the critical properties of each of the boundaries separately, and the top isometry w T is the only tensor that contains information about both boundary conditions, as well as about the finite size N of the system. This top isometry w T is simply determined by diagonalizing the effective HamiltonianH that results from coarse-graining the system with the T layers of disentanglers and isometries. Fig. 11 shows the low energy spectrum of H LR for all possible combinations of boundary conditions of the critical Ising model. In all cases, they agree with the predictions of BCFT [12] .
APPENDIX E: DEFECTS AND INTERFACES
Entanglement renormalization can also be used to study a defect in the bulk of a critical system on an infinite lattice L.
For this situation we propose a scale invariant MERA with a special stripe of defect disentanglers and isometries, see Fig. 12(i) . For a fixed-point (i.e. scale invariant) defect, only three defect tensors are needed, namely a defect disentangler u D and left and right defect isometries w D,L and w D,R . The scale-invariant MERA with a fixed-point defect is thus characterized by: (i) a pair of bulk tensors u and v, which are optimized in the absence of the defect and contain only information about the critical theory in the bulk; and (ii) three defect tensors u D , w D,L and w D,R , which are optimized by regarding them as a MPS-like structure representing the ground state of a coarse-grained latticeL, similarly as we did in the case of an open boundary, and which contain all the information about the defect, including defect scaling operators and their scaling dimensions.
When tested with the quantum Ising model, we find [23] that the scale-invariant MERA with a fixed-point defect is capable of describing all conformal defects, namely the line of continuous Dirichlet (CD) conformal defects as well as the line of continuous Neumann (CN) conformal defects [24] .
Finally, we can use a slight modification of the above (ii) Scale invariant MERA to study the interface between two semi-infinite systems at criticality ansatz to connect two (different) critical semi-infinite lattices and study their interface. This is achieved by considering two types of bulk tensors, namely left bulk tensors u L and w L for the system on the left and right bulk tensors u R and w R for the system on the right, in addition to interface tensors u I , w I,L and w I,R , see Fig. 12 (ii). For instance, this ansatz can be used to study fixed-point interfaces between a semi-infinite quantum Ising chain and a semi-infinite quantum XX chain [23] .
